
Math 564: Advance Analysis 1
Lecture 1

Motivation for measure theory .

From probability .
We can do probability on finite sets

,

such as a winflips:

% 191 % 1 .
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We would like to take m = & i
. e . The space of infiniteI

sequences of Os al Is and answers questions like :

whats De pobability but a rundow word we IN

doesn't have OPII as a subword ? Turns out the

answer is 0
,
but to answer it we need a notion

of probability on 2/ Kat "extends" the notion of 3/4
probability on 2" for each n.

From geometry . After all
,
we want he have a ustion of

longh for subsets of I
area for subsets of R2

o volume for subser of lic3

for lis"say ,
we can compute the area of rectangles Ix5,

where I 5 IIR are intervals by length (I) length (5) - This
extends t finite disjoint unious of rectangles : just take



the sum . (Length of I right endpt-left endpt .)
What about other sets

,
even just open acts

.

We can take the
"inner measure" = area*

AGR

of fully inside rectangles
and the "outer measure" =

the area of rectangles that
inherent A al hope But foo a fire enough grid there umbers

↳penbot arbitrarily loss
. But for which sets will this

The Banach-Tarski 10 = 0 + 07 oaradox
in IR3 says But

one can't hope that a notion of

volume can be defined for all but we at least

hope we can do it for
open
a,closed sets

.

From analysis . We want to have nice casses of funch: us
But are load under ofbl operations, in particular

limite .

Indeed
,

a pointwise limit of continuous lever smooth)
functions may

not be Riemann intergrable . In particular
,

we need a better integration theog
put are closed

blarger danes of
integrable functions ptwise limits .

Measures
,
Meir construction

,
and properties

Polish spaces . A metric space X , d) is called Polish if it is

separable (admits a ctbl deass set) and & is complete
Call Cawly sequences converge) .



Exagles . is and more generally IR" with metric d(53
,g) : =

11-y'llo , here Hello max (i) .

Oker metrics
1 i= d

of the farm 114-yip , where 12p<4 , all equivar
leat to this metric /produce the same open sets) .
Here 15 : = (E

,
il")* .

Closed subsets of Polish spaces are Polish
·

Indeed
, they are still emplate with the same metric

and separability i hereditary (HW) .
In particular, [0

, 1) = IR is Polich .

What about CO, D ? No in the usual metric d(x
, g) : =

ly-x) bene it's not late
. But we can change

He metic to an equiatept one so that is Polish
.

Take a honeomorphism (a continuous bijection with
antinous inversel between 10

, 1) A C0
, &) al

copy the metric from 10;4) to 90
,
D
.

In fact
,
it's a Horm of Descriptive Set Theory

Let all Gr subsets of Polish spaces are
"Polichable" i r e . admit an equivalent Polish metric

.

Gr = ctb) intersection of open sets (e . g . allclosed sets in metric spaces are God HW)
.

Xa Iphabet
The spaces

2" and IN
.
It A be a util rouempty set

,
e.y.

on AN
A = /N

,
A = 2 = = 10

,
B
.

We define a metric

yu
by d(x

,g) := nxx, each index
S-



To picture AN
/
ul draw a tree : I'll draw for 2:

ent

N thi, element
at zi infinitebrauch Hagget↳

00 01 alD
-

about x = AN is⑧· Bzn(x) : = yCA : yIn = x1n3

zu

Every element of Bank) is a center of His ball
.

Balls here are cylinders .

For a finite word we A"
,

we
define Ru cylinder at w to be :

(w]
+

:
= (x = AN : x = w) .k

We just saw but balls un cylinders . Cylinders are hot
closed and open .

Indeed
,

inders me open balls alcyla
↳ complement of a cylinder is a lab) disjoint) union of
cylinders . We call them dopen set .

Proposition . ANN is separable .
2)

We set of finite sequence in A

Proof. Take & : = >Wad : we ANY where acA is a fixed letter
I

and at is the infinite word anama
...

① is dense beage for
any cylinder (n]

,
[r3nQG

NGGC ...

Proposition . (a) A with this metric is complete hence Polish
.

S

(b) If A is finite
, say

2
,
Al is empart.

Proof . HW.



2N is called Cantor space and INN is called Baire space .

Most spaces in analysis are Polish
, maybe after switching

the metric to an equivalent one .

For the rest of the course
,

we'll work with IR* and 2 (maybe also INI)
-

Falgebras and measurable spaces .

we like openalused subsets of mete's spaces, but did
with their latbl unious

,
intersections

,

and Reit complements ,
Def

. Lt X be a set (think of it as pur , are ,
IR4

or 2")
.

An algebra of subsets of X is a collection A = P(X) that contains &
auch is closed under complements and finite unious
Chance also finite in tersection

, by Be Morgan's (aw) .
An allgra is called a walgebra it it's moreover closed
nucor otblunious (house also athl intersections)

.

Examples . Finite unious of cylinders in 2 form an algebra.

Finite unious of boxes in Id form an

algebra . By a box we menu a set of the form

I
,
x Izx ... x Id

, i

here each Ij is an interval
, b) %r (a, b],

or a
,
b) or [a

,
b]

·

HW


